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Abstract
We determine the character of orbits of stars moving in the meridional plane (R, z) of an axially symmetric time-
independent disk galaxy model with a spherical central nucleus. In particular, we try to reveal the influence of the
value of the angular momentum on the different families of orbits of stars, by monitoring how the percentage of chaotic
orbits, as well as the percentages of orbits of the main regular resonant families evolve when angular momentum varies.
The smaller alignment index (SALI) was computed by numerically integrating the equations of motion as well as the
variational equations to extensive samples of orbits in order to distinguish safely between ordered and chaotic motion.
In addition, a method based on the concept of spectral dynamics that utilizes the Fourier transform of the time series of
each coordinate is used to identify the various families of regular orbits and also to recognize the secondary resonances
that bifurcate from them. Our investigation takes place both in the physical (R, z) and the phase (R, R˙) space for
a better understanding of the orbital properties of the system. Our numerical computations reveal that low angular
momentum stars are most likely to move in chaotic orbits, while on the other hand, the vast majority of high angular
momentum stars perform regular orbits.
Keywords: Galaxies: kinematics and dynamics – Galaxies: structure, chaos
1. Introduction
Knowing the regular or chaotic nature of orbits in galax-
ies is an issue of paramount importance. This is true
because this knowledge allows us to understand and in-
terpret the formation and also predict the evolution of
galaxies. In addition, families of regular orbits are of-
ten used as the basic tool in constructing a dynamical
model for describing the main properties of galaxies. Over
the last several decades, a huge amount of research work
has been devoted to understanding the orbital structure
in different types of galaxy models (e.g., Pfenniger, 1984;
Contopoulos & Grosbøl, 1989; Sellwood & Wilkinson, 1993;
Pfenniger, 1996; Olle´ & Pfenniger, 1998; Pichardo et al.,
2004). However, the vast majority of the existing litera-
ture deals only either with the distinction between regu-
lar and chaotic motion (e.g., Manos & Athanassoula, 2011;
Bountis et al., 2012; Manos et al., 2013) or the detection
of periodic orbits and the analysis of their stability (e.g.,
Skokos et al., 2002a,b; Kaufmann & Patsis, 2005). We would
like to note that all the above-mentioned references on the
dynamics of galaxies are exemplary rather than exhaus-
tive. In the present paper, on the other hand, we proceed
one step further contributing to this active field by classi-
fying ordered orbits into different regular families following
the steps of Carpintero & Aguilar (1998).
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An interesting fact is that only a small fraction of the
existing literature deals with motion of stars on the merid-
ional plane of an axially symmetric potential. Investiga-
tion of this particular type of motion can be traced back
to the studies of Contopoulos (1960) and Ollongren (1965,
1967). The nature of resonant meridional plane orbits has
been explored in Martinet & Mayer (1975), while Manabe
(1979) considered, as was common in those days, that al-
most any orbit in an axially symmetric potential should
obey a third isolating integral of motion besides the angu-
lar momentum and the total orbital energy. The motion
of stars in the meridional plane has been characterized in
Contopoulos (1979), as one of opening issues in galactic dy-
namics, where integrability and stochasticity play a vital
role. Greiner (1987) following the work of Manabe (1979),
continued to ignore the chaoticity, while on the other hand,
chaos was eventually found in Caranicolas & Vozikis (1986)
but only when a perturbation was added to the galac-
tic model. In the same vein, Gerhard & Saha (1991) and
Copin et al. (2000) investigated the dynamics of orbits in
the meridional plane, but once more, they focused only
on ordered motion suggesting that most stars move on
regular orbits. Chaotic motion in a two-dimensional log-
arithmic potential describing the properties of an ellip-
tical galaxy with a dense bulge has been examined in
Karanis & Caranicolas (2001), although it does not con-
tain the necessary centrifugal term. The orbital content
of triaxial potentials as well as of axisymmetric poten-
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tials has been thoroughly analyzed in the pioneer work
of Lees & Schwarzschild (1992).
At this point, we should mention that in our previ-
ous work we have also investigated the character of or-
bits moving in the meridional plane of axially symmetric
potentials. A new galactic potential was introduced in
Zotos (2011) in order to describe the motion of stars mov-
ing in the meridional plane of disk or elliptical galaxies.
Furthermore, the role of the central massive nucleus on
the character of orbits in the (R, z) plane has been inves-
tigated in Zotos (2012). In Caranicolas & Zotos (2013);
Zotos & Caranicolas (2013) new types of axisymmetric po-
tentials have been developed in an attempt to model the
properties and elucidate the influence of dark matter in the
main galactic body. The nature of orbits of stars moving
in the meridional plane of an axially symmetric galactic
model with a disk, a spherical nucleus, and a flat biaxial
dark matter halo component has been explored in Zotos
(2014). In the same line, in Zotos & Carpintero (2013)
(hereafter Paper I) we used an analytic axisymmetric po-
tential which embraces the general features of a disk galaxy
with a bulge, in order to reveal how influential are the
main parameters of the system on the level of chaos and
on the distribution of regular families of orbits. There is
no doubt, that the issue of motion of stars in the merid-
ional plane of axially symmetric galaxies, is still an open
and active problem. In the current work, we will continue
the investigation started in Paper I but in this case we
shall focus to a specific dynamical quantity which is the
angular momentum. In particular, our aim is to determine
the character of low and high angular momentum stars.
The layout of the paper is as follows: Section 2, con-
tains a detailed presentation of the structure and the prop-
erties of our galactic gravitational model. In Section 3,
we investigate how the angular momentum influences the
nature as well as the evolution of the percentages of the
different families of orbits. The paper ends with Section 4,
where the main conclusions of our numerical analysis and
the discussion are presented.
2. Presentation of the galactic model
The main objective of this investigation is to reveal
the regular or chaotic nature of orbits of low and high
angular momentum stars moving in the meridional plane
of an axially symmetric disk galaxy with a spherical central
nucleus. We use the usual cylindrical coordinates (R, φ, z),
where z is the axis of symmetry.
The total gravitational potential Φ(R, z) in our model
consists of two components: the central spherical compo-
nent Φn and the disk potential Φd. For the description
of the spherically symmetric nucleus, we use a Plummer
potential
Φn(R, z) =
−GMn√
R2 + z2 + c2n
. (1)
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Figure 1: Evolution of the mass density ρ(R) in the galactic plane
(z = 0), as a function of the distance R from the center. We distin-
guish the contribution of the spherical nucleus (red) and the contri-
bution of the disk (green).
Here G is the gravitational constant, while Mn and cn
are the mass and the scale length of the nucleus, respec-
tively. This potential has been used successfully in the
past to model and, therefore, interpret the effects of the
central mass component in a galaxy (see, e.g., Zotos, 2012;
Zotos & Carpintero, 2013; Zotos, 2014). At this point, we
must emphasize that we do not include any relativistic ef-
fects, because the nucleus represents a bulge rather than
a black hole or any other compact object. The galactic
disk on the other hand, is represented by the well-known
Miyamoto-Nagai potential (Miyamoto & Nagai, 1975)
Φd(R, z) =
−GMd√
R2 +
(
α+
√
h2 + z2
)2 , (2)
where, Md is the mass of the disk, α is the scale length of
the disk, and h corresponds to the disk’s scale height.
We use a system of galactic units where the unit of
length is 1 kpc, the unit of velocity is 10 km s−1, and
G = 1. Thus, the unit of mass is 2.325 × 107M⊙, that
of time is 0.9778× 108 yr, the unit of angular momentum
(per unit mass) is 10 km kpc−1 s−1, and the unit of en-
ergy (per unit mass) is 100 km2s−2. In these units, the
values of the involved parameters are: Mn = 400 (corre-
sponding to 9.3 × 109 M⊙), cn = 0.25, Md = 7000 (cor-
responding to 1.63 × 1011 M⊙), α = 3 and h = 0.175.
The particular values of the parameters were chosen with
a Milky Way-type galaxy in mind (e.g., Allen & Santilla´n,
1991). The above-mentioned set of values of the param-
eters which are kept constant throughout the numerical
calculations secures positive mass density everywhere and
free of singularities.
It is very useful to compute the mass density ρ(R, z)
derived from the total potential Φ(R, z) using the Poisson’s
equation
ρ(R, z) = k
1
4piG
∇2Φ(R, z) (3)
2
In the same equation, we observe the presence of an addi-
tional parameter k = 2.325× 10−2, which is simply a nu-
merical coefficient dictated by the current system of galac-
tic units to obtain the density in units of M⊙/pc
3. Fig.
1, shows the evolution of the mass density ρ(R, z = 0)
in the galactic plane as a function of the radius R from
the galactic center, where the red line indicates the con-
tribution from the spherical nucleus, while the green line
corresponds to the contribution form the disk. It is evident
that the density of the nucleus decreases rapidly obtaining
very low values, while on the other hand, the density of
the disk continues to hold significantly larger values. At
large galactocentric distances, the total mass density vary
like 1/R3 (to be more precise, from the nonlinear fit, we
derived that the exact power of the 1/Rn asymptotic be-
havior of the total mass density is n = 2.977). This means
that the total mass M(R), enclosed in a sphere of radius
R, increases with the distance. Here, we must point out
that our gravitational potential is truncated ar Rmax = 50
kpc, otherwise the total mass of the galaxy modeled by
this potential would be infinite, which is obviously not
physical.
Exploiting the fact that the Lz-component of the total
angular momentum is conserved because the gravitational
potential Φ(R, z) is axisymmetric, orbits can be described
by means of the effective potential (e.g., Binney & Tremaine,
2008)
Φeff(R, z) = Φ(R, z) +
L2
z
2R2
. (4)
Then, the basic equations of motion on the meridional
plane are
R¨ = −∂Φeff
∂R
, z¨ = −∂Φeff
∂z
, (5)
while the equations governing the evolution of a deviation
vector w = (δR, δz, δR˙, δz˙), which joins the corresponding
phase space points of two initially nearby orbits, needed
for the calculation of the standard indicators of chaos (the
SALI in our case), are given by the variational equations
˙(δR) = δR˙, ˙(δz) = δz˙,
( ˙δR˙) = −∂
2Φeff
∂R2
δR− ∂
2Φeff
∂R∂z
δz,
(δ˙z˙) = −∂
2Φeff
∂z∂R
δR− ∂
2Φeff
∂z2
δz. (6)
Consequently, the corresponding Hamiltonian to the
effective potential given in Eq. (4) can be written as
H =
1
2
(
R˙2 + z˙2
)
+Φeff(R, z) = E, (7)
where R˙ and z˙ are momenta per unit mass, conjugate to
R and z, respectively, while E is the numerical value of
the Hamiltonian, which is conserved. Therefore, an orbit
is restricted to the area in the meridional plane satisfying
E ≥ Φeff .
Table 1: Types and initial conditions of the orbits shown in Fig.
2(a-h). In all cases, z0 = 0, z˙0 is found from the energy integral, Eq.
(7), while Tper is the period of the resonant parent periodic orbits.
Figure Type R0 R˙0 Tper
2a box 1.83000000 0.00000000 -
2b 2:1 banana 4.49760475 0.00000000 1.16485870
2c 1:1 linear 3.18361841 33.61069890 0.92165896
2d 2:3 boxlet 9.57565135 0.00000000 1.87809577
2e 4:3 boxlet 7.75468676 0.00000000 3.55445383
2f 5:4 boxlet 8.21911732 0.00000000 3.65092215
2g 6:5 boxlet 8.42887123 0.00000000 5.23872657
2h chaotic 0.15000000 0.00000000 -
3. Orbit classification
In this section, we will numerically integrate several
sets of orbits, in an attempt to distinguish the regular or
chaotic nature of motion of stars. In all cases, the energy
was set equal to −700, while the angular momentum of the
orbits is treated as a parameter. Here, we have to point
out that the energy level controls the size of the grid and
particularly Rmax which is the maximum possible value of
the R coordinate. We chose that energy level (E = −700)
which yields Rmax ≃ 10 kpc. To study how the angular
momentum Lz influences the level of chaos, we let it vary
while fixing all the other parameters of our galaxy model.
As already said, we fixed the values of all the other parame-
ters and integrate orbits in the meridional plane for the set
Lz = {1, 10, 20, ..., 50}. Once the values of the parameters
were chosen, we computed a set of initial conditions and
integrated the corresponding orbits computing the SALI
of the orbits and then classifying regular orbits into dif-
ferent families. All the computational methods used for
the classification of the orbits are described in detail in
Zotos & Carpintero (2013) and Zotos (2014).
Our numerical investigation reveals that in our galaxy
model there is a plethora of types of orbits: (i) chaotic or-
bits; (ii) box orbits; (iii) 1:1 linear orbits; (iv) 2:1 banana-
type orbits; (v) 2:3 fish-type orbits; (vi) 4:3 resonant or-
bits; (vii) 5:4 resonant orbit; (viii) 6:5 resonant orbits; and
(ix) orbits with other resonances (i.e., all resonant orbits
not included in the former categories). It turns out that
for these last orbits the corresponding percentage is less
than 1% in all cases, and therefore their contribution to
the overall orbital structure of the galaxy is insignificant.
A n : m resonant orbit would be represented by m distinct
islands of invariant curves in the (R, R˙) phase plane and n
distinct islands of invariant curves in the (z, z˙) surface of
section. In Fig. 2(a-h) we present examples of each of the
basic types of regular orbits, plus an example of a chaotic
one. In all cases, we set Lz = 20 (except for the chaotic
orbit, where Lz = 1). The orbits shown in Figs. 2a and
2h were computed until t = 100 time units, while all the
parent periodic orbits were computed until one period has
completed. The black thick curve circumscribing each or-
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Figure 2: Orbit collection of the basic types of orbits in our galaxy model: (a) box orbit; (b) 2:1 banana-type orbit; (c) 1:1 linear orbit; (d)
2:3 fish-type orbit; (e) 4:3 boxlet orbit; (f) 5:4 boxlet orbit; (g) 6:5 boxlet orbit; (h) chaotic orbit.
bit is the limiting curve in the meridional plane defined as
Φeff(R, z) = E. Table 1 shows the types and the initial
conditions for each of the depicted orbits; for the resonant
cases, the period Tper correspond to the parent
1 periodic
orbits.
In Fig. 3a, we present a very informative diagram the
so-called “characteristic” orbital diagram (Contopoulos & Mertzanides,
1977). It shows the evolution of the R coordinate of the ini-
tial conditions of the parent periodic orbits of each orbital
family as a function of the variable angular momentum Lz.
Here we should emphasize, that for orbits starting perpen-
dicular to the R-axis, we need only the initial condition of
R0 in order to locate them on the characteristic diagram.
On the other hand, for orbits not starting perpendicular
to the R-axis initial conditions as position-velocity pairs
(R, R˙) are required and therefore, the characteristic dia-
gram is now three-dimensional providing full information
regarding the interrelations of the initial conditions in a
tree of families of periodic orbits. Furthermore, the dia-
gram shown in Fig. 3b is called the “stability diagram”
(Contopoulos & Barbanis, 1985; Contopoulos & Magnenat,
1985) and it illustrates the stability of all the families of pe-
riodic orbits in our dynamical system when the numerical
value of the angular momentum varies, while all the other
parameters remain constant. A periodic orbit is stable if
only the stability index (S.I.) (Zotos, 2013) is between 2
and +2. This diagram helps us monitor the evolution of
1For every orbital family there is a parent (or mother) periodic
orbit, that is, an orbit that describes a closed figure. Perturbing the
initial conditions which define the exact position of a periodic orbit
we generate quasi-periodic orbits that belong to the same orbital
family and librate around their closed parent periodic orbit.
Figure 5: Evolution of the percentages of the different types of orbits
in the physical (R, z) plane of our galaxy model, when varying the
value of the angular momentum Lz.
S.I. of the resonant periodic orbits as well as the transitions
from stability to instability and vice versa.
3.1. The structure of the physical (R, z) space
Our exploration begins in the physical (R, z) plane and
in Figs. 4(a-f) we present six grids of initial conditions
4
(a) (b)
Figure 3: (a-left): The (R0, Lz) characteristic curves of the orbital families; (b-right): Evolution of the stability index S.I. of the families of
periodic orbits shown in Fig. 3a. The black horizontal dashed lines at -2 and +2 delimit the range of S.I. for which the periodic orbits are
stable.
(a) (b) (c)
(d) (e) (f)
Figure 4: Orbital structure of the physical (R, z) plane of our galaxy model for different values of angular momentum Lz .
(R0, z0) of orbits that we have classified for different val-
ues of the angular momentum Lz. For all orbits R˙0 = 0,
while the initial value of z˙0 is always obtained from the
energy integral (7) as z˙0 = z˙(R0, R˙0, E) > 0. The out-
ermost black thick curve circumscribing each grid is the
limiting curve in the meridional plane (R, z). Fig. 4a
shows the structure of the physical space for Lz = 1, that
is the case of a model with very low angular momentum
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stars. We see that the vast majority of the plane is covered
by initial conditions corresponding to regular orbits, while
initial conditions of chaotic orbits are confined mainly to
the outer parts of the grid, where a strong chaotic layer ex-
ists. It is evident, that among regular orbits, box orbits is
the most populated family, while the 2:1 resonant family is
the second most abundant type of regular orbits. We also
observe additional smaller stability islands corresponding
to 1:1, 2:3 and 4:3 resonant orbits. Our computations sug-
gest that initial conditions of the 6:5 resonant orbits do
exit however, the islands of the 6:5 resonant orbits are ex-
tremely small, deeply buried in the chaotic sea and there-
fore, they appear only as lonely points in the grid. It is
seen in Fig. 4b that for Lz = 10 all the stability islands
have been increased in size, thus reducing the area on the
physical plane occupied by chaotic orbits. It is interest-
ing to note that an additional 2:1 stability island emerges
at the left upper region of the (R, z) plane. Things are
quite similar in Fig. 4c where Lz = 20 however, the struc-
ture of the physical plane starts to change when Lz = 30.
One may identifies in Fig. 4d two main differences with
respect to previous cases: (i) the two 2:1 stability islands
have merged and (ii) the 4:3 stability islands appear some-
how distorted, indicating that they reach a critical point
regarding their stability. Indeed, in Fig. 4e where Lz = 40
we see that the 4:3 stability islands disappear, while the 2:1
stability islands separate. Here we have to point out that
the absence of the main 4:3 islands for high values of angu-
lar momentum was anticipated. In particular, looking the
evolution of the characteristic curve of the 4:3 resonance
as a function of Lz, which is shown in Fig. 3, it is seen that
this family terminates when Lz > 30.22. For higher values
of the angular momentum the 4:3 resonance is still present
although corresponding only to isolated initial conditions
in the physical space but not to well-formed stability is-
lands any more. For high values of angular momentum
(Lz = 50) the grid of Fig. 4f shows that almost the entire
physical plane is occupied by initial conditions of regular
orbits, while chaos, if any, is negligible. Furthermore, we
observe that the vast majority of the (R, z) plane is cov-
ered by box orbits, while higher resonant orbits (i.e., the
5:4, 6:5, and other resonant families) form thin filaments
of initial conditions crossing the extended box area.
The resulting percentages of the chaotic and all types
of regular orbits as the value of the angular momentum Lz
varies are shown in Fig. 5. It is seen, that box orbits is
the most populated family of orbits throughout the values
of Lz. In galaxy models with very low angular momen-
tum stars (Lz = 1) we observe that the percentages of
box and chaotic orbits coincide at about 33%, thus shar-
ing about two thirds of the physical plane. As we proceed
to higher angular momentum models the percentage of
chaotic orbits reduces rapidly and for Lz > 50 it vanishes.
In contrast, the percentage of box orbits increases almost
linearly and at the highest studied value of the angular
momentum box orbits cover about 70% of the physical
(R, z) plane. On the other hand, the 1:1 and 2:1 reso-
Figure 7: Evolution of the percentages of the different types of orbits
in the phase (R, R˙) plane of our galaxy model, when varying the value
of the angular momentum Lz .
nant families seem to be little affected by the change of
the angular momentum. In particular, the percentage of
2:1 orbits exhibits a small reduction with increasing Lz,
while at the same time, the rate of the 1:1 resonant orbits
seems to increases slightly. It is seen, that the evolution
of the percentage of the 4:3 resonant family is very inter-
esting. Indeed, this resonance has a strong presence only
for 1 ≤ Lz ≤ 20 occupying up to about one tenth of the
physical plane, while for larger value of the angular mo-
mentum (Lz > 30) it becomes unstable thus having a very
low percentage. Furthermore, it is evident that in gen-
eral, all the remaining types of resonant orbits (i.e., the
2:3, 5:4, 6:5, and other higher resonances) remain almost
unperturbed possessing very low percentages throughout
(less than 5%). Therefore, one may reasonably conclude
that in the physical (R, z) plane box, 4:3, and chaotic or-
bits are those mostly affected by the change of the value
of the angular momentum.
3.2. The structure of the phase (R, R˙) space
We continue our investigation in the phase (R, R˙) space
and in Figs. 6(a-f) we present six grids of initial conditions
(R0, R˙0) of orbits that we have classified for different values
of the angular momentum Lz. All orbits have z0 = 0,
while again the initial value of z˙0 is obtained from the
energy integral (7). The outermost black thick curve is
the limiting curve which is defined as
1
2
R˙2 +Φeff(R, 0) = E. (8)
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Figure 6: Orbital structure of the phase (R, R˙) plane of our galaxy model for different values of angular momentum Lz .
We see in Fig. 6a, that when the angular momentum is
very low (Lz = 1), an extended chaotic sea covers the ma-
jority of the phase plane, while several stability islands cor-
responding to different types of resonant orbits are present
and mainly embedded in the chaotic domain. However, as
the value of the angular momentum increases the structure
of the phase plane changes significantly2. In Figs. 6(b-c)
where the value of the angular momentum is 10 and 20, re-
spectively, the only observable difference is the decrease of
the chaotic area thus giving place to all stability islands to
increase their size. The drastic changes start to appear for
Lz ≥ 30, where in Fig. 6d we see, first of all, the deforma-
tion of the 4:3 stability islands which has been explained
previously when studying the physical plane (for Lz > 30
initial conditions corresponding to 4:3 resonant orbits are
still present located mainly at the outer parts of the plane,
although the main stability islands disappear). In galactic
models where stars possess high enough angular momen-
tum (see Figs. 6(e-f) where the value of Lz is 40 and 50,
respectively) regular orbits occupy almost all the available
phase plane, while chaotic motion is negligible. Moreover,
the grids are very rich in types of orbits, taking into ac-
2It should be pointed out that the permissible area on the physical
as well as on the phase plane is reduced as we increase the value of
the angular momentum.
count that several families of higher resonant orbits are
present producing tiny chains of stability islands mainly
inside the box area. It should also be mentioned that box
orbits grow in expense of other important orbital families
as the extent of the stability islands of the two basic types
of orbits, that is the 1:1 and the 2:1 resonant families,
seems to be reduced with increasing angular momentum.
The following Fig. 7 shows the evolution of the per-
centages of the chaotic and all types of regular orbits as
a function of the angular momentum Lz. One may ob-
serves that as we proceed to higher values of angular mo-
mentum the percentage of chaotic orbits decreases almost
linearly, while at the same time, the rate of box orbits
grows steadily. In the case of very low angular momentum
(Lz = 1) about 40% of the phase plane corresponds to ini-
tial conditions of chaotic orbits and only 15% of it to box
orbits however, when Lz > 20 box orbits is the most pop-
ulated family dominating the phase plane. At the high-
est studied value of the angular momentum (Lz = 50),
the entire phase plane is covered only by initial condi-
tions of regular orbits (about 70% are box orbits), while
chaos is practically absent (our computations indicate an
extremely low rate of about 0.3%). Furthermore, our nu-
merical analysis suggests that all the remaining families of
orbits are significantly less affected by the change in the
7
(a)
(b)
Figure 8: Orbital structure of the (a-left): (R,Lz)-plane and (b-right): (R,E)-plane when Lz = 10. These diagrams give a detailed analysis
of the evolution of orbits starting perpendicularly to the R-axis when the value of (a) the angular momentum and (b) the total orbital energy
varies.
value of the angular momentum. In particular, the per-
centages of the 2:1 meridional banana-type orbits and also
that of the 1:1 linear orbits are little influenced by the in-
crease of the angular momentum. It is also seen, that when
Lz > 20 the percentage of the 4:3 resonant family drops
suddenly, remaining at very low values from then on. In
addition, we may say that in general terms, all the other
resonant families (i.e., the 2:3, 5:4, 6:5, and other families)
hold throughout very low percentages (always less than
5%), so varying the value of Lz only shuffles the orbital
content among them. Thus, taking into account all the
above-mentioned analysis we may argue that in the phase
(R, R˙) plane the types of orbits that are mostly influenced
by the angular momentum are the box, 4:3, and chaotic
orbits.
3.3. An overview analysis
The grids in physical (R, z) as well as in the phase
(R, R˙) plane can provide information on the phase space
mixing for only a fixed value of the angular momentum Lz.
He´non however, back in the 60s (He´non, 1969), considered
a plane which provides information about regions of reg-
ularity and regions of chaos using the section z = R˙ = 0,
z˙ > 0, i.e., the test particles (stars) launched on the R-axis,
parallel to the z-axis and in the positive z-direction. Thus,
in contrast to the previously discussed grids, only orbits
with pericenters on the R-axis are included and therefore,
the value of Lz is used as an ordinate. Fig. 8a shows the
orbital structure of the (R,Lz)-plane when Lz ∈ [1, 60]. In
order to be able to monitor with sufficient accuracy and
details the evolution of the families of orbits, we defined a
dense grid of 105 initial conditions in the (R,Lz)-plane. It
is evident, that the vast majority of the that grid is covered
either by box or 2:1 resonant orbits, while initial conditions
of chaotic orbits are mainly confined to right outer part of
the (R,Lz)-plane. This diagram shows clearly that the
main stability islands of the 4:3 resonance cease to exits
when Lz > 30.2176 which is very close to the termination
value obtained from the characteristic curve of the dia-
gram shown in Fig. 3. It is also seen, that several families
of higher resonant orbits are present corresponding to thin
filaments of initial conditions living inside the box region.
Our numerical calculations revealed that apart from the
5:4 and 6:5 families, a large collection of higher secondary
resonant orbits has been identified (i.e., 4:7, 7:5, 7:6, 8:7,
8:9, 9:7, 10:7 and 10:9).
It should be emphasized, that the minimum value of
the R coordinate (Rmin) is reduced with increasing Lz.
This is an issue of great importance because in Zotos & Carpintero
(2013); Zotos (2014) we proved that a necessary condition
for an orbit to be chaotic is to pass near the center of the
potential. Therefore, only low angular momentum stars
can approach very close to the galactic center (or in other
words, near the massive nucleus) thus receiving a large ac-
celeration and exhibit chaotic motion. On the other hand,
high angular momentum stars are not allowed to come
close to the central nucleus and this explains why the ma-
jority of high angular momentum stars move in regular
orbits, while chaotic motion is very limited. The horizon-
tal red dashed line at Lz = 53.44 marks the last indication
of chaos; for Lz > 53.44 the motion of stars is entirely reg-
ular and there is no evidence of chaotic motion whatsoever.
In fact, Lz = 53.44 is the maximum value of the angular
momentum for which the orbits can display chaotic motion
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and it is called the critical value of the angular momentum
Lzc (e.g., Zotos, 2011, 2012; Zotos & Carpintero, 2013).
Here we must stress out that the (R,Lz)-plane contains
only such orbits starting perpendicularly to the R-axis,
while orbits whose initial conditions are pairs of position-
velocity (i.e., the 1:1 resonant family) are obviously not
included.
Our previous experience (e.g., Zotos & Carpintero, 2013;
Zotos, 2014) indicates that one of the most important pa-
rameters that influences greatly the orbital structure of
galaxies is the isolated integral of the total orbital energy
E. In our research we had to fix the energy level at -700 in
order to maintain a constant Rmax at about 10 kpc, when
varying the value of the angular momentum. Neverthe-
less, we decided to perform some additional calculations
in order to explore how the total orbital energy affects the
nature of stars. Our results are shown in Fig. 8b where we
followed a similar approach to that explained previously
in Fig. 8a varying now the value of the orbital energy in
the interval E ∈ [−2720,−480] when Lz = 10. We chose
that particular value of the angular momentum (Lz = 10)
so that there is a sufficient amount of chaos in the sys-
tem. We observe that for very low values of the energy
(E < −2380), that is the case of local motion in galaxy
models, stars move either in box, 2:1 or chaotic orbits.
On the other hand, higher resonant orbits appear only
at larger energy levels (i.e., the 4:3 resonance emerges for
E > 1460). As in Fig. 8a, a plethora of higher secondary
resonant orbits (i.e., 2:5, 5:8, 7:5, 7:6, 8:7, 9:7, 9:8, 9:10,
10:7) has been identified when varying the orbital energy.
It is also clear, that the portion of the 2:1 resonant orbits
grows rapidly with increasing energy and when E > 1000,
the 2:1 meridional banana-type orbits is the most popu-
lated family. The horizontal red dashed line denotes the
constant energy level E = −700 in which all the previous
computations took place.
4. Conclusions and discussion
The aim of the present work was to investigate how
influential is the angular momentum on the level of chaos
and on the distribution of regular families among its orbits.
For this purpose, we used an analytic, axially symmetric
galactic gravitational model which embraces the general
features of a disk galaxy with a dense, massive, central
nucleus. To simplify our study, we chose to work in the
meridional plane (R, z), thus reducing three-dimensional
to two-dimensional motion. We kept the values of all
the other parameters constant, because our main objec-
tive was to determine the influence of the angular mo-
mentum on the percentages of the orbits. Our thorough
and detailed numerical analysis suggests that the level of
chaos as well as the distribution in regular families is in-
deed very dependent on the angular momentum of stars.
Here, we should point out that the present article is the
last part of a series of papers (Zotos & Carpintero, 2013;
Caranicolas & Zotos, 2013; Zotos & Caranicolas, 2013, 2014)
that have as their main objective the orbit classification
(not only regular versus chaotic, but also separating regu-
lar orbits into different regular families) in different galac-
tic gravitational potentials. Thus, we decided to follow
a similar structure and of course the same numerical ap-
proach in all of them.
In earlier papers of the series (e.g., Zotos & Carpintero,
2013; Zotos, 2014), we demonstrated how the dynamical
parameters of the system, such as the mass of the nu-
cleus, the mass of the disk, the scale length of nucleus,
etc influence the orbital structure of galaxies. The present
investigation takes place in the physical (R, z) and also in
the phase (R, R˙) space for a better understanding of the
orbital structure of the system. To show how the angu-
lar momentum influences the orbital structure of the sys-
tem, we presented for each case, dense color-coded grids of
about 50000 initial conditions, which allow us to visualize
what types of orbits occupy specific areas in the physi-
cal/phase space. Each orbit was numerically integrated
for a time interval of 104 time units (1012 yr), which cor-
responds to a time span of the order of hundreds of orbital
periods. The particular choice of the total integration time
is an element of great importance, especially in the case
of the sticky orbits. The main numerical outcomes of our
research can be summarized as follows:
1. Several types of regular orbits were found to exist
in our galactic gravitational model, while there are
also extended chaotic domains separating the areas
of regularity. In particular, a large variety of reso-
nant orbits (i.e., 1:1, 2:1, 2:3, 4:3, 5:4, 6:5, and higher
resonant orbits) are present, thus making the orbital
structure more rich.
2. It was found that in both the physical (R, z) and the
phase (R, R˙) space the angular momentum influences
mainly box, 4:3, and chaotic orbits. Moreover, the
majority of starts move in regular orbits and in gen-
eral terms, box orbits is the most populated family
throughout the range of values of Lz.
3. The largest amount of chaos was measured for low
values of Lz (Lz < 10) corresponding to low an-
gular momentum stars, while as Lz increases, the
amount of chaotic orbits is reduced rapidly and for
high enough values of the angular momentum (Lz >
40), almost all tested orbits were found to be regular.
4. The drastic decrease of the observed chaos with in-
creasing Lz was justified taking into account the fact
the high angular momentum stars are not allowed
to approach very close to the central massive nu-
cleus thus encountering strong forces and exhibiting
chaotic motion as low angular momentum stars do.
5. One of the most influential parameters of the dynam-
ical system is undoubtedly the total orbital energy.
Indeed, it was observed that for low energy levels
corresponding to local motion near the nucleus, the
orbital content is rather poor since most of the reso-
nant orbits emerge at relatively high values of energy
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suitable for global motion of stars.
We consider the results of the present research as an
initial effort and also as a promising step in the task of ex-
ploring the orbital structure of disk galaxies with a central
and spherical nucleus. Taking our encouraging outcomes
into account, it is in our future plans to properly modify
our galaxy model in order to expand our investigation into
three dimensions. This will allow us to unveil how the ba-
sic parameters entering the system influence the nature of
three-dimensional orbits. Also, we would be particularly
interested in revealing the evolution of the percentages of
all the families of orbits when varying the different dynam-
ical quantities of the galactic model.
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